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Abstract:-

Aim of present paper is to study some features like convergence, stability and data
dependency of a newly introduced iterative process for a class of nonlinear
mapping. Numerical example is used to claim that the new iterative process has
better rate of convergence than some of the existing iterative processes in the
literature. These results may be interpreted as refinement and improvement in the

previous known results.
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1. Introduction and Preliminaries:-

There are numerous problems in science that can be modeled by fixed point. Problems where
solutions cannot be obtained analytically, fixed point iteration procedures play a vital role in
solution of such problems. Hence iterative procedures have gain popularity in obtaining the fixed

points of nonlinear mappings. In recent time some studies are conducted by [8-11].

Let H be a real normed linear space and T : H — H be a mapping. A point @ is called the fixed
point if T(8) = 6. Throughout the paper F(T) will represent the set of fixed points of mapping
T.

In 2013, Karakaya et al.[2] introduced a three step iterative process by:
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Unt1 = (1 — an=Bp)vn + ayTv, + BrTwy,
Vp = (1= pp—0)wy + prTu, + 0,Twy,
w, = (1 —w)u, + w,Tu,, n€N

Where uy € H and {ay}n=o, {Bnlnzo¥nln=olbnln=olpninzo Awnln=o € [0,1]. (1.1)

Gursoy and Karakaya [1] introduced the Picard-S Iteration process as follows
Unt1 = Ty,
vp = (1= pp)Tuy + ppTwy,
wy, = (1 —w)u, + w,Tu,, n€N (1.2)
Where uy € H and {p,}peo AWn}tnmeo € [0,1].

Recently Dogan and Karakaya [3] introduced S-Picard iterative process by :
Unsr = (1 — w0)Twy + 0, Ty,
vp = (1 = pp)Tuy + prTwy,
wy, = Tuy, (1.3)
Where uy € H and {p,}n=o AWn}tnmeo € [0,1].

It iss claimed by Dogan and Karakaya [3] that S-Picard iterative process has almost same rate of

convergence as Picard-S Iterative process.

Problem 1.1 :- Is it possible to develop an iteration process whose rate of convergence is better

than the iterative processes (1.2) and (1.3) ?

To answer this we introduce a new iteration process as :-

Zp = Txy,
Yn = Txp,
Xn+1 = (1 - an)yn + anTyn, (1.4)

with sequence {a,}n=o € [0,1] and x, € H

In this paper we establish some convergence and stability results for our newly introduced

iterative process.

Scherzer [7] introduced the class of class of quasi-strictly contractive operators by the condition:
Ilp—TylI< 6§ llp—ylI,d€[0,1)andforally € H (1.5)

Chidume and Olaleru [12] gave several examples to show that (1.5) is more general than
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contraction mapping and they claimed that every contraction mapping with a fixed point satisfies

inequality (1.5).

Definition 1.2[4] :- Let H be a real normed linear space and P;, P,: H = H be two operators.
Then P; is called the approximate operator of P, if for all x € H and for fixed € > 0, we have
||P1x—P2x||Ss (1.6)

Definition 1.3[4]:- Let H be a real normed linear space and Let {x, };—o and {u, }n-obe the

llm |an— lll
— 00 lun—g,l

= [. Then

sequence converging to [; and [, respectively. Assume that N

1. Ifl = 0 then the sequence {x, }5—, converges faster to [; than {u, },, to [,.

2. 0 <l < oo, then both the iterative process have same rate of convergence.

Lemma 1.4 [5]:- If [ be a real number satisfying 0 < | < oo and {9, }n-,be the sequence of

positive numbers such that lim 9, = 0 and for u,,; <lu, + 9,,n =12, .. then lim u, =

n—oo n—-oo

0.

Lemmal.5 [6]:- {9, }5=obe the sequence of positive numbers for which there exists ng € N

such that for all n > n following inequality is satistied:

19n+1 < (1 - An)ﬁn + Ankn

where k,, € (0,1),Vn €N, Y7, A, = oo and then we have 0 < lim supd,, < lim supk,.
n—»>oo

n—»,oo -

Lemmal.6 [3]:- Let / be a real normed linear space and T : H — H be a mapping satisfying

condition (1.5) with a fixed point p. Assume that T be approximate operator of T for given €.

Then
ITx =Ty I<25llx—pll +6ly—x Il +e. (1.7)
2. Main Results

Theorem 2.1:- Let H be a real normed linear space and T : H —» H be a mapping satisfying
condition (1.5). Let {x, }n=, be the sequence generated by the iterative process (1.4) with
sequence {ap}n=o €[0,1] and satisfying Yo_,a, = . Then the iterative process (1.4)

converges to fixed point of the operator 7.
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Proof:- Using (1.4) and (1.5) we have,
lz,—pll=1Tx,—p <6 llx,—p 2.1
Again by (1.4), (1.5) and (2.1) we have
My, —p =0Tz, =< S lzp—plI< 8% lx,—pll (2.2)
Now using (1.4), (1.5) and (2.2) we have
I Xnpr =2 =1 (1= apn)yn + anTy, —p

SA-a)llyn—pl tap I Ty, —pll

SA-a)llyp—pll +a dlly,—pl

S(A-aptand) Iy, —pll

<A-a,(1-86)82Ilx, —pll (2.3)
Now (1 — a,, (1 — §))62 < 1, hence by lemma (1.5) we have,

hmoo Il x, —p Il =0. This completes the proof.

Theorem 2.2:- Let H be a real normed linear space and T : H —» H be a mapping satisfying
condition (1.5) with fixed point q. Let {x, };—, be the sequence generated by the iterative

process (1.4) with sequence {a,}n-o € [0,1] and satisfying Y:n—o @, = 0. Let {u, }o=y S H be

the sequence generated by

w, = Tuy,,
v, = Tu,,
Upr = A —a)v, + a, Ty, (2.4)

and let k,, = | upy1 — f(T,uy,) l with lim §,, = 0. Then the iterative process (1.4) is T-stable.
n—»,oo

Proof :- We have k,, = |l up41 — f(T,u,) Il with lim x, = 0. Using (1.5) and (2.4) we have
n—»,oo
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I untr —q NS Nuper = FTu) I A1 F(Tun) —q i
< Kot Il (1= )T (T (un)) + anT(T(TW)) — ¢ |
Skp+ (T=a) I T(T(Wy) —q Il +any I T(T(T () —q |l
<Skpt+ (L —an) 1 T(up) —q Il + and I T(T(wn)) —q |l
Skpt+ 821 —ap) lug—qll+ a8 I T(up) — q |l
<Skp+ 62 —ap) luy—qll +a, 63 luy,—q i
<kn+ (1—a,(1— )62l u, —q | (2.5)
Since 1 — a,,(1 — §) < 1 and §2 < &, hence (5) becomes
lupsr —qll< kp+6 lu,—qll (2.6)

Now (2.6) satisfies all the requirements of lemma 1.4, so we have lim u,, = q. Hence the
n—->oo

iterative process (1.4) is T-stable.

Example 2.3 :- Let H = [0,1] and T : H - H be a mapping defined by Tx = g ThenT hasa

unique fixed point 0. Let {x,, }n=, be the sequence defined by x,, = % Then lim x, = 0.

n—oo

Now we have
Kn =l Xpe1 — F(T,x5) |l

< Xn+1 — ((1 - an)T(T(xn)) + anT(T(T(xn))) I

Xn Xn
<l xp41— 1- an)r_ an? I

1 1 1

<l—————1

n+1 8n 16n

We have lim k,, = 0. Hence the iterative process (1.4) T-stable.

n—,oo

Theorem 2.4:- Let H be a real normed linear space and T : H —» H be a mapping satisfying

condition (1.5) with fixed point ¢. Let {x, }n=o and {u, }n—obe the sequence generated by the
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iterative process (1.4) and (1.3) respectively with sequence {@,}meo, {Bntneo € [0,1] and
satisfying Yoo @ = 0, Yoo Apfn = . Also assume that a; < a, <1 and §; < B, <
1. Then the iterative process (1.4) converges faster than the iterative process (1.3) provided both

have same initial approximation.
Proof :- From (3) we have
l X1 =2l < 1—a,(1=8)8% I x,—p
lx, =Pl < (1—ap1(1=8)6% Il xp_y— D
lxp1 =PI < (1= ay2(1 =88l xp,—p
lx; —pll < (1—ag(1—8)8*Nx—pl
Combining all the above inequalities we have,
Ixper =p Il < 82Dl xo —p I TR — (1 = 6))
Now applying the assumption @; < a, < 1 on above inequality we have
I xper =p I < 820D lhag —p I TIREG(L — a (1 = 6))
< 82D xg—p Il (1 —ay(1— & (2.7)
Now from (1.5) and (1.3) we have
lunsr =2 =1 (1 - an)Twy + anTv, —p i
SA-a ) I Twy,—pll +a, I Tv, —p
SA-a)dllw,—pll +apdllv,—pll (2.8)
vy —p =11 (1= B)Twy + BpTv, —p
S A=) I Tup—pll +Bu Il Twy, —p i

S @A=BI6Nup—pll B85 Ilw—pl 2.9)
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and
lwy,—p2l=01Tu,—plIl<éllu,—npl (2.10)
Using (2.10) in (2.9) we have,
v, —=p < A=B)SNuy—p Il +Br8% lu, —p
< 6(1-B(1=8) luy—p (2.11)
Using (2.10) and (2.11) in (2.8) we obtain
luper =21 Q—a)8? luy—p Il +a,62(1—Bp(1=8)) lu, —p
< 81— aptay(1- (1 =) llu, —p
< (1 —apfn(1—)lluy—p (2.12)
From (2.12) we have
| Upsr =P IS 82(1 — a1 =) llu, —p |l
I, —p IS 62(1 — an-1Bp-1(1 =) lup-1 —p I
lupy —p Il < 52(1 —p_2fn—2(1 =N Nup_,—pl
lu, —pll < 52(1 —agfo(1 =86 llug—pl
From the above inequality we have the following estimate
lunpr —p IS 82D lug —p I TTREG(L = @B (1 = 6))
Now applying the assumption &; < a, < 1and 8; < B, < 1 on above inequality we have
ltner —p IS 82D Ty —p I TTREG(L — 11 (1 = )
< 820 lug —p Il (1= a (1= &)™ (2.13)

Leta, = 62D |l xg —p Il (1 —ay(1 — &)™ and
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b, = 52+ Uup—p Il (1 —a (11— 5)n+1

a_n _ 62("+1)||x0—p||(1—a1(1— 6)n+1

Now — =
by 82 Djug—pll(1-as f1(1- 8"

— 1-a;(1- 8) yr
1-a;1B1(1-6)

1-a;(1-8)

B 5) < 1 and hence

Now a,, B, € [0,1] and § € (0, 1) so we may easily conclude that

lim Z—” = 0 and hence using definition 1.3, we conclude that iterative process (1.4) converges

n—-oo Un

faster than the iterative process (1.3).

Example 2.5:- H = [0,) and p : H —» H be a mapping defined by p(8) = w. Clearly
p satisfies the condition (1.5). The following table shows the convergence pattern of iterative
process (1.3) and (1.4) for initial approximation x; = u; = land @, = 3, = Z—:

Xp S-Picard Iteration New Iteration

X4 0.002262870819999 0.001786312500

Xy 0.000000000000121 0

X3 0 0

Table 1 : Comparison of rate of convergence between two iterative schemes

In the above table S-Picard iteration reaches the fixed point at third step while the new
iteration process reaches the fixed point at second step hence the new iteration process has better

rate of convergence than the S- Picard iterative process.

Theorem 2.6: - Let T be approximate operator of 7 and Let {x, }o°, be the sequence generated

by the iterative process (1.4) for operator 7. Consider the iterative process {X,} defined by

Zn = T%ns Vn = Tzvn and  ¥pq = (1— an)}\;n'i_an’rj;n (2.14)
6(1+¢)
1-62°

LetTp = Pand Tp = p. Then | p — P II<
Proof :- From (1.4) and (2.14) and lemma 1.6, we have,

Iy — 2y 1= I Tty — TR, 1< 26 1y —p Il +8 Il X — X% | +¢ (2.15)
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Again using (1.4) and (2.14) and lemma 1.6,
Ny, =V 1= Tz, = T2, 1<26 1 zy—p Il +8 Il 2z, — Z, I +e (2.16)
Also from (1.4) and (2.14) and lemma 1.6,
I X1 = Fna 1= 1 (1= @)Y + @ Ty — (1 = @) P + @ TH) |

S (A=) 1 yn =Pl +an I Ty, = T, |

SA-a)llyy =Vl +a,C6 Ny =Dl +6 1y = Il +€)

< A-ap+a8) Ny =V Il +2a,6 1y —p | +a,e (2.17)

Using (2.15) in (2.16) we have
My, =V IS 261z —p Il +6C26 N xy —p Il +6 Il xy — %, | +€) + € (2.s18)
From (2.18) and (2.17) we have

I xpg1 —Xper 1S A —ap+a,8)28 1z —p Il 4626 N xp—p Il +6 Il X, — X |l
+e)+¢e) + 20,0 Ny, —p Il +aye

<20—a,(1=8))8lzy—pll 421 —a,(1 =8)8% I x, —p |l
+(1=—a,(1=86)6% lx, =X, 1 +2a,8 l y, —p |l
+(1—a,(1—-8)5(e+1)+a,e
Now a,, € [0,1],6 € (0,1) hence 1 — a,(1 — ) < 1, therefore we have
|l Xpe1 —Fne1 1S 260z —p Il 4262 1% —p 1 462 N xp — %, | + 20,8 Il v — p |l
+5(e+1) + a,e
Leto =1—6%€(0,1), Ups1 =l Xp4q — Xpyq Il and

260z, —pl 4262 lxy—p Il +2a,8 1y, —p Il +6(e + 1) + aye -0
. >

$n

Hence
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” xn+1 _k/n+1 ”S (1 - Q) ” xn _%n ” +26 ” Zn _p ” +262 " xn _p ” + Zan6 " yn _p ”
+6(e+ 1) + a,¢ (2.19)

Now (19) satisfies all the requirements of lemma (1.5), hence we obtain

5(1+¢)
1-82°

lp—pI<
3 Conclusions:-

In this paper, some fixed point results are obtained with the help of newly defined iterative
procedure and claimed that its rate of convergence is better than the others which are referred to

this paper. Some fixed point results have been supported with the help of non trivial examples.
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